Open quantum systems are subject to interaction with their surrounding environment. In many applications, at low temperatures, quantum environments fall into two universality classes of models: Caldeira-Leggett oscillator bath models and Prokof'ev-Stamp spin bath models. The two classes are commonly recognized to be distinct and to have strikingly different effects on principal systems, except at weak coupling limits. However, I show here, in contrast, that oscillator bath models can simulate the effect of spin bath models in strong coupling limit of the spin bath. I choose parameters of the oscillator bath models such that they produce incoherent relaxation, just as in the spin bath models, with relaxation rates for a two-state system (a qubit) equivalent to those of the spin bath models in the strong coupling limit.
I. INTRODUCTION
Quantum theory was originally developed in the context of isolated microscopic systems whose interactions with their environments were negligible (e.g. the atoms in a beam). The theory was tested successfully in this domain in the early twentieth century and some of its founding fathers, such as Niels Bohr, believed that it would not be applicable in a larger domain where systems are strongly coupled to complex environments [1, 2] .
Advancement of experimental techniques and equipments in recent decades, however, showed that quantum theory does apply in a broader range. It can well describe behaviors of open quantum systems, as large as a few microns, that are strongly coupled to their complex environments (e.g. the phase of the Cooper pairs, in SQUIDs, that is coupled to phonons, radiation field, normal electrons, nuclear spins, etc.) [3] [4] [5] [6] [7] [8] [9] [10] .
In handling complex environments coupled to open quantum systems, the effects that the environments exert on the principal systems are of the main interest, not the behaviors of the environments in their own right. As a result, theorists attempt to model complex environments by mapping them onto simpler ones that are better tractable and have the same effects on the principal systems. Two of these simple models that are now well established in the literature are the oscillator bath and spin bath models [1, 3, 4, [11] [12] [13] [14] [15] [16] [17] [18] .
The oscillator bath model consists of a set of non-interacting simple harmonic oscillators that are individually coupled to the principal system. Caldeira and Leggett [3, p. 439] showed that at absolute zero temperature, any arbitrary environment whose each degree of freedom is only weakly perturbed, by the principal system, can be mapped onto an oscillator bath.
It is important to note that although each degree of freedom of the environment is weakly perturbed in this model, the principal system can be strongly perturbed by the overall effect of all the oscillators. We use the term weak coupling limit to refer to the case in which each degree of freedom of the environment is weakly perturbed, and the term strong coupling limit when they are strongly perturbed. However, in both cases the principal system can be weakly or strongly perturbed.
The oscillator bath model has been extensively used in the literature to model phonons, electrons, magnons, spinons, holons, quasiparticles, etc. at low energies and temperatures [4, [17] [18] [19] [20] [21] [22] [23] .
The spin bath model, on the other hand, consists of microscopic spins that are independently coupled to the principal system. In real scenarios, these spins usually interact with one another weakly [14, 24] . The spin bath model can be studied at both weak and strong coupling limits and there are practical cases associated to each of them [11] [12] [13] [14] [15] [16] [24] [25] [26] [27] [28] [29] [30] .
Caldeira, Neto and de Carvalho [31] demonstrated that the effect of a non-interacting spin bath, in the weak coupling limit, on a principal system can be simulated by an oscillator bath whose spectral density function is suitably chosen [31] .
Weiss [18] obtained the same result by use of the fluctuation-dissipation theorem for each degree of freedom of the environment, which is permissible in the weak coupling limit (Sec. 3.5 and 6.1 of [18] ).
Despite this success in simulating noninteracting spin bath in the weak coupling limit by an oscillator bath, the scheme was not extended to the case of self interacting spin bath, mainly due to the difficulty of calculating spin correlation function for each spin in a self interacting environment.
A direct solution of the spin bath problem was reached by Prokof'ev and Stamp [11] [12] [13] [14] [15] [16] . They found that in the strong coupling limit the effect of an interacting spin bath on an effectively two-state system is to relax the system incoherently. More precisely, they obtained that under most conditions the principal system undergoes an incoherent relaxation with relaxation rate Γ(ξ) that decreases by the increase of the bias energy difference ξ between the two minima of the double well energy landscape E(φ) of the principal system (Fig. 1) .
In regard to the simulation of the spin bath by the oscillator bath, Prokof'ev and Stamp, however, believed that the effect of a spin bath, in the strong coupling limit, is in complete contrast to the effect of an oscillator bath: "All of this is in complete contrast to how inelastic tunneling works in the presence of an oscillator bath; there the relaxation rate typically increases as one moves away from resonance" (i.e. as the bias energy increases) [14] . They, hence, concluded that the spin bath model in the strong coupling limit has completely different effects on principal systems and is not comparable with the oscillator bath model [11] [12] [13] [14] [15] [16] .
In this paper, we, however, show that a Caldeira-Leggett oscillator bath model can simulate the effect of a spin bath in the strong coupling limit of the spin bath. We demonstrate that an oscillator bath can cause an incoherent relaxation with a relaxation rate Γ(ξ) that decreases as one moves away from resonance(i.e. as the bias energy ξ increases). By choosing an appropriate spectral density function J(ω) for the oscillator bath we obtain a relaxation rate Γ(ξ) that is quantitatively comparable with that of the spin bath model.
The existence of such simulation implies that for most practical purposes and as long as the effect of the environment in terms of its relaxation or decoherence rate is concerned, which is the case in practical applications of the spin bath [11] , there is far less distinction between the spin bath and the oscillator bath models than has been previously recognized.
The organization of this paper is as follows: In Secs. II-III we briefly review the spin bath and oscillator bath models, respectively. In Sec. IV we present the simulation of the spin bath model, in the strong coupling limit, by the oscillator bath model. We conclude in Sec. V. 
II. SPIN BATH MODEL
The spin bath model [11] [12] [13] [14] [15] [16] concerns the effect of the interaction of an effectively two-state system with an environment composed of microscopic spins (called spin bath). The principal system has usually multiple (or infinite) energy levels, but in low temperatures it acts as a two-state system (or a qubit) since only the two lowest lying states are occupied. Thus, one may truncate the high energy Hamiltonian of the system to obtain the effective two-state Hamiltonian
for the principal system (we set = 1 in this paper). When the high energy Hamiltonian has a double well potential or energy landscape [32] , ∆ is interpreted as the tunneling matrix element between the two localized states in either wells, and ξ is the bias energy difference between the two minima [33] (Fig. 1) . In Eq. (1),τ x andτ z are Pauli matrices and we assumed that the localized states in either wells are eigenstates ofτ z . Thus,τ x takes the system from a localized state in one well to the other localized state in the other well.
The energy levels of the lowest localized states in absence of tunneling is drawn by dashed lines in Fig.  1 . The system is called to be at resonance when these levels coincide. The examples are ξ = 0 or when ξ is such that the energy level of a higher state in one well lines up with that of the lowest state in the other well.
In reality, however, the tunneling effect lifts the degeneracy such that near or at resonance the energy eigenstates become localized in both wells and the difference between energy eigenvalues becomes finite ( The surrounding microscopic spins in the environment usually have a nonzero self-Hamiltonian of the following generic form
whereˆ σ k is the spin operator of the kth spin in the bath and V αβ kk ′ are the interspin couplings. These spins can interact with the system if they are close enough to it. One of the effects of interaction is to cause the bias energy ξ to fluctuate by an amount ξ 0 . The latter plays an important role in the relaxation rate of the system caused by the spin bath as we later see (Eqs. (4) (5) ). The full dynamics of the system can be found by calculating the truncated Hamiltonian of the system plus bath (the Universe), as is done by Prokof'ev and Stamp, for a typical interaction Hamiltonian between the system and bath. They found that the universe truncated Hamiltonian is [14] ,
whereˆ τ are Pauli operators of the principal system, as before, and Φ, α k , ω k and ω ⊥ k are the parameters of the model that depend on the high energy Hamiltonian of the principal system (See Ref. [14] ). The term in the curly brackets in Eq. (3) is known as the topological term and in the absence of other terms it causes decoherence of the state of the principal system without any dissipation of energy. This decoherence without dissipation is considered to be one of the distinctive features of the spin bath, as opposed to the oscillator bath [12, 14] . We, however, show in Sec. III that such effect exists in the oscillator bath model as well.
The tunneling matrix element ∆ is typically the smallest energy scale in Hamiltonian (3). A typical example of the system and environment that lead to Hamiltonian (3) is a single molecule magnet (such as Fe8, Mn12, · · · ) and its surrounding nuclear spins and defects. The single molecule magnet forms a double well energy landscape with a very small tunnel splitting (e.g. for Fe8: ∆ ∼ 0.1 µK, V αβ k,k ′ ∼ 1 µK, ξ ∼ 0.1 mK, and ξ 0 ∼ 10 mK) [11-16, 24-27, 30 ].
In the strong coupling limit, the solution of Hamiltonian (3) under most conditions, and for practical cases (such as Fe8 and Mn12 as the qubit [11] ), is an incoherent relaxation of the principal system with relaxation rate, up to a factor of order unity [11, 14] ,
As one can see Γ(ξ) is a decreasing function of ξ. As ξ becomes significantly larger than ξ 0 the relaxation becomes significantly small and the system can hardly tunnel from one well to the other well. Thus, as long as the bias energy of the system ξ is smaller than the width of the fluctuating field of the spin bath in energy unit ξ 0 , the system will tunnel, otherwise it will remain in one well. We note that in some cases of theoretical interest the relaxation rate is smaller than that of Eq. (4) and is given by
where Γ 2 ≥ ξ 0 and depends on the parameters of the spin bath [11, 14] .
In next section we turn to oscillator bath model and give a brief review of that. Then, in Sec. IV we replace the spin bath, for the problem of interaction of a qubit with an environment, with the oscillator bath and choose the parameters of the oscillator bath such that it simulates the effect of the spin bath and produces relaxation rates similar to that of Eqs. (4-5).
III. OSCILLATOR BATH MODEL
The oscillator bath model studies the effect of an environment made of simple harmonic oscillators on a principal system. The self Hamiltonian of the environment, which is called the oscillator bath, is
where m i , ω i ,x i , andp i , are mass, frequency, position and momentum operators of the ith oscillator in the bath, respectively. Many forms of interaction of the oscillators with a truncated two-state system can be cast into the following form [3, 4, 34] , known as the spin-boson Hamiltonian,
The dynamics of the principal system (the qubit) under influence of the above oscillator bath in various regimes of parameters has been investigated by Leggett, his collaborators, and many other authors in the literature [3, 4, [18] [19] [20] [21] [22] 34] . In the regime that the bath has a continuum of low frequency modes, i.e. ω i ∆ for an infinite number of oscillators in the bath, the dynamics of the qubit is dissipative and irreversible. Dissipation causes transfer of energy from the qubit to the environment. That in turn gives rise to relaxation of the state of the qubit from excited states to the ground state (T 1 relaxation) as well as dephasing of the state of the qubit (T 2 relaxation). For nonzero bias energy ξ = 0 in Hamiltonian (7), there is, however, another contribution to dephasing known as pure dephasing (τ φ process). Pure dephasing does not transfer any energy between the qubit and the environment. To isolate the term responsible for pure dephasing one can write Hamiltonian (7) in the basis that diagonalizes the self Hamiltonian of the qubit as follows
where ∆E = (∆ 2 + ξ 2 ) 1/2 , cot η = ξ/∆, and ρ are Pauli matrices in the new basis. The term cos ηρ z i c ixi in Eq. (8) causes pure dephasing while the term sin ηρ x i c ixi only causes dissipation and its resultant dephasing, together.
Therefore, pure dephasing effect is not a distinctive feature of spin bath, but it exists in oscillator bath as well (cf. [12, 14] ). Moreover, the oscillator bath can be coupled to the qubit through any component of the spin of the qubit (See Sec. IV.C of [7] ). The interaction term in Eq. (7), for instance, can be replaced witĥ τx 2 i c ixi . In this case when the bias energy vanishes, ξ = 0, the effect of the oscillator bath is only pure dephasing and decoherence takes place without any dissipation.
Here, we use the spin-boson Hamiltonian in the form of Eq. (7). We are interested in the solution of Eq. (7) in the small ∆ limit when ∆ ≪ ξ. This is the regime that we can relate to the spin bath model in the strong coupling limit since ∆ is the smallest energy scale in the spin bath model in that limit. In the regime of ∆ ≪ ξ, one can do perturbation theory in ∆ to solve Eq. (8) for the dynamics of the qubit. This method is known as golden rule and is explained in details in Ref. [4] . Here we quote the result: The resultant dynamics of the qubit in this regime is an incoherent relaxation with relaxation rate
where
and
is the spectral density function of the oscillator bath [3, 4] . In order to simulate the effect of the spin bath by the oscillator bath, we choose, in the next section, J(ω) and temperature of the oscillator bath such that it produces the relaxation rates of the spin bath, Eq. (4-5).
IV. SIMULATION OF SPIN BATH BY OSCILLATOR BATH IN STRONG COUPLING LIMIT
We choose an oscillator bath at zero temperature with spectral density function J(ω) = 2πα ω e −ω/ξ0 (13) where α = 1/2 and ξ 0 is the width of the bias field fluctuation of the original spin bath, in unit of energy, that we want to simulate its effect (see Sec. II). Our goal here is to simulate the effect of the spin bath in the strong coupling limit by an oscillator bath. The simulator oscillator bath may not bear all the physical features that the spin bath has. However, the effect that it produces is similar to that of the spin bath. In addition, as we see shortly, the important feature of the above oscillator bath, which is the width of the bias energy fluctuation, is comparable to that of the spin bath. Finally, we note that our choice for the spectral density function and temperature may not be unique. There may well be other choices that produce similar effects and one may be interested in finding them.
The spectral density function of Eq. (13) is ohmic at small frequencies ω ≪ ξ 0 , peaks at ω = ξ 0 and then falls off and asymptotes to zero at large frequencies ω ≫ ξ 0 as shown in Fig. 3 .
The spectral density function can be used to estimate the width of the fluctuation of the bias energy. To this end, we first note that the spin-boson Hamiltonian (7) can be written as
is the bias energy operator of the bath. The width of fluctuation of the bias energy is evidently ξ 2 B . For an oscillator bath at zero temperature, one can estimate ξ 2 B as follows
where we neglected the cross terms x i x j , used the ground state values for x 2 i , and set = 1 as before. The right hand side of (15) can be written in terms of the spectral density function (12) 
From (15) and (16) we deduce
We, hence, substitute our simulator bath spectral density function (13) into Eq. (17) to obtain
Eq. (18) indicates that the width of the fluctuation of the bias energy in the spin bath model, ξ 0 , is of the same order of magnitude as that of its simulator oscillator bath
Therefore, the two baths have this important feature in common. Finally, we calculate the relaxation rate of the simulator oscillator bath. We substitute the spectral density function (13) and zero temperature of the oscillator bath into Eqs. (10) (11) to obtain
The above results for Q 1 (t) and Q 2 (t) are the same that are obtained in Ref. [4] for an ohmic oscillator bath with a cut off frequency when one sets the cutoff frequency to ξ 0 and temperature to zero (See Eq. (5.4) in Ref. [4] ). We, next, substitute Q 1 (t) and Q 2 (t) from Eqs. (20) (21) , for the value of α = 1/2, into Eq. (9) and take the integral. The integration is performed in the Supplementary material. The result is as follows
This relaxation rate has the same form as that of the spin bath in Eq. (4), up to a factor of order unity.
To simulate the relaxation rate of Eq. (5) one needs to add a set of high frequency oscillators to the oscillator bath in Eq. (7). The high frequency oscillators do not affect the dynamics of the qubit, however, they renormalize the tunneling matrix element to a smaller effective value ∆ eff . This effect of high frequency oscillators has been discussed in details in Sec. II of Ref. [4] . The qubit under the influence of the new bath, which is the previous bath plus a set of high frequency oscillators appended to it, relaxes incoherently, as before. However, the relaxation rate now becomes
One can choose the spectral density function of the high frequency oscillators J ′ (ω) such that
Thus, one obtains for the relaxation rate
that is the same as the relaxation rate of the spin bath in Eq. (5), up to a factor of order unity. One may fix the numerical factors by further tuning J ′ (ω) as well. Relaxation rates of (22) and (25) are decreasing functions of the bias energy ξ just like in the spin bath case. They also have the same form and match with those of spin bath. Therefore, we conclude that the oscillator baths that we chose in this section can simulate the effect of the spin baths in the strong coupling limit of the spin baths.
V. CONCLUSION
We have shown in this paper that an oscillator bath can simulate the effect of the spin bath in the strong coupling limit of the spin bath. This is the limit that has been thought to have strikingly different effects on principal systems. We showed, however, that by choosing appropriate values for the spectral density function of the oscillator bath and its temperature, the oscillator bath can simulate the effect of the spin bath.
The nature of the two baths are different. In the spin bath, the spins may interact with one another, while in the oscillator bath the oscillators are non-interacting. Each spin in the spin bath, individually, has a few number of excited states, while each oscillator in the oscillator bath has an infinite number of excited states available to it. However, the interest in modeling quantum environments is for the effect that they may exert on a system, not the internal structures of them. We demonstrated that in spite of the differences between the spin bath and oscillator bath, the overall effect of the two baths on qubits can be similar in the strong coupling limit of the spin bath.
We have also shown that the oscillator bath can cause decoherence without dissipation just like the spin bath.
The result of this paper indicates that for most practical purposes the difference between the spin bath and the oscillator bath, as far as the relaxation rate is concerned, is far less than has been previously recognized. It will be interesting to find how the result of this paper fits in the broader picture of simulation of quantum noise by classical noise [35, 36] . 
Supplementary material
Here, we perform the integration in Eq. (9) for Q 1 (t) and Q 2 (t) of Eqs. (20) (21) when α = 1/2. First, we substitute Q 1 (t) and Q 2 (t) from Eqs. (20) (21) into cosine and exponential functions, respectively, to get, 
exp(−Q 2 (t)/π) = 1 1 + ξ 2 0 t 2 .
Next, we substitute the above results into Eq. 
The integrand in Eq. (28) is an even function of t. Therefore, we can extend the integral to −∞ for a prefactor of 1/2,
Now, we use the identity
in Eq. (29) and split the integral into two parts to prepare them for contour integrations Γ(ξ) = ∆ 
The above integrands have poles at t = ±i/ξ 0 . We close the contour of the first integral in the upper half plane and the second one in the lower half plane. Then we use the residue theorem to obtain Γ(ξ) = ∆ 
Eq. (32) is the result we wanted to obtain and is the same as Eq. (22) in the text.
